Dirac Equation in $\kappa$-Minkowski space-time by Verma, Ravikant
ar
X
iv
:1
41
0.
86
80
v1
  [
he
p-
th]
  3
1 O
ct 
20
14
Dirac Equation in κ-Minkowski space-time
Ravikant Verma∗
School of Physics, University of Hyderabad,
Central University P O, Hyderabad-500046, India
September 2, 2018
Abstract
In this paper, we derive the Dirac equation in the κ-deformed
Minkowski space-time. We start with κ-deformed Minkowski space-
time and investigate the undeformed κ-Lorentz transformation valid
to all order in the deformation parameter a. Using the undeformed
κ-Lorentz algebra, we obtain the κ-deformed Dirac equation, valid to
all order in the deformation parameter a. In limit a→0, we get back
the correct commutative result.
1 Introduction
The noncommutative geometry has attracted wide attention in the con-
text of study of space-time at the microscopic level[1, 2, 3, 4, 5, 6, 7, 8]. In
the noncommutative geometry, the structure of the space-time is modified in
comparison with the commutative space-time. The κ-Minkowski space-time
is one of the examples of the space-time whose coordinates satisfy Lie alge-
bra type commutation relations. Here, the deformed commutation relations
between the space-time coordinates depend on the deformation parameter
a which has the dimension of length. This deformation of the space-time
structure also necessitate the modification of the associated symmetry al-
gebra. The modified symmetry algebra corresponding to the κ-Minkowski
space-time is known as deformed-κ-Poincare algebra. κ-Minkowski space-
time is also connected to the doubly special relativity(DSR)[9], which intro-
duces a fundamental constant of length dimension in addition to the constant
velocity of light present in the special theory of relativity.
∗Email:ravikant.uohyd@gmail.com
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In [10, 11], a κ-deformed Dirac equation compatiable with doubly spe-
cial relativity was constructed in momentum space with specific choice of
differential calculus defined on κ-Minkowski space-time. Another, κ-Dirac
equation was constructed in [12] by demanding that the square of this should
be the κ-deformed Klein-Gordon equation. The κ-Dirac equation obtained
in[12] is invariant under the parity and time reversal operations but it was
not invariant under the charge conjugation. By using this κ-Dirac equation,
the modification of the Unruh effect was studied in [13] (and for scalar field
this was studied in [14]). The Dirac equation in κ-deformed space-time was
constructed and analysed by using different approaches in [15, 16, 17, 18, 19].
In this paper, we derive the κ-deformed Dirac equation valid to all or-
ders in the deformation parameter, using a different approach. Starting from
the deformed dispersion relation valid in the κ-deformed space-time, we first
obtain the modified boost factor γ′ exactly, i.e., valid to all orders in the
deformation parameter. Using this γ′ and the explicit form of the boost
generators of undeformed κ-Poincare algebra, we then obtain finite boost
transformations. Using the corresponding transformation matrix, we then
derive the matrix realisation of boost generators. All these explicit matrix
realisations are independent of the deformation parameter. The deforma-
tion parameter appear only through the boost factor γ′ and γ′ is valid to
all orders in the deformation parameter. Note that the rotation sector of
the undeformed Poincare algebra are unaffected by the κ-deformation. This
should not be surprising as the κ-deformation leave the spatial coordinates
to be mutually commuting with each other.
As in the commutative case, by a change of basis, we re-express the unde-
formed κ-Lorentz algebra as the direct product of su(2) algebras. Following
the usual approach in the commutative space-time[20], we then define left
and right su(2) spinors. Using the explicit form of undeformed κ-Lorentz
transformations, we obtain the relation between these su(2) spinors with
zero momentum and non-zero momentum ~P . From this transformation rule,
as in the commutative space-time, one gets the relation between the left and
right spinors with arbitrary three momentum and energy. This relation writ-
ten in the matrix form is nothing but the κ-deformed Dirac equation, in the
momentum space. With the operator realisation of four momentum used in
writing down the energy momentum relation, we show that the κ-deformed
Dirac equation we obtained is mapped to the κ-Dirac equation obtained
in[12], in the coordinate space. Further, we show that square of this Dirac
equation correctly give the Klein-Gordon equation.
This paper is organized as follows. In next section we give a brief sum-
mary of the κ-Minkowski space-time and in section 3, we derive the Lorentz
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transformation in κ-Minkowski space-time which is required for deriving the
Dirac equation in κ-Minkowski space-time. In section 4, we derive the Dirac
equation in κ-Minkowski space-time using the κ-deformed Lorentz algebra.
We give our concluding remarks in section 5.
2 κ-Minkowski space-time
In this section, first we recall the essential detail of the κ-deformed space-
time, whose coordinates obey commutation relations,
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = iaxˆi, a =
1
κ
. (1)
Here, a is the deformation parameter and has the dimension of length. In the
Minkowski space-time with metric ηµν = diag(-1,1,1,1) we define x
µ = ηµαxα
and ∂µ = ηµα∂α. These coordinates and derivatives satisfy the commutation
relations
[xµ, xν ] = 0, [∂µ, ∂ν ] = 0, [∂
µ, xν ] = η
µ
ν , (2)
[∂µ, xν ] = ηµν , [pµ, xν ] = −iηµν , pµ = −i∂µ. (3)
The κ-Minkowski space-time coordinates can be defined in terms the com-
mutative coordinates xµ and corresponding derivatives ∂µ as xˆµ = x
αφαµ(∂).
In this realization, the explicit form of xˆi and xˆ0 are given as
xˆi = xiϕ(A), xˆ0 = x0ψ(A) + iaxi∂iγ(A), (4)
where A = −ia∂0. Using Eqn.(4) in Eqn.(1), we obtain
ϕ′
ϕ
ψ = γ(A)− 1 (5)
where ϕ′ = dϕ
dA
satisfying the boundary conditions ϕ(0) = 1, ψ(0) = 1, γ(0) =
ϕ′(0) + 1 and is finite and ϕ, ψ, γ are positive functions.
These coordinate satisfy the condition that in particular [∂µ, xˆν ] = φµν(∂),
we find
[∂i, xˆj ] = δijϕ(A), [∂i, xˆ0] = ia∂iγ(A), [∂0, xˆi] = 0, (6)
and
[∂0, xˆ0] = −ψ(A). (7)
Let Mµν denote the rotation and boost generators of the κ-Poincare algebra.
We require that the commutation relations between Mµν should be same as
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the usual Poincare algebra and also that between Mµν and the κ-space-time
coordinates xˆµ should be linear functions of xˆµ,Mµν and deformation param-
eter aµ. We also demand that these generators have the correct commutative
limit. Thus one get
[Mµν , xˆλ] = xˆµηνλ − xˆνηµλ − i(aµMνλ − aνMµλ). (8)
We also demand that these commutators have the correct commutative limit.
This leads to two type of possible realisation, one where ψ(A) = 1 and second
one ψ(A) = 1+2A[21]. The generators of the undeformed κ-Poincare algebra
are Dµ and Mµν , whose explicit forms (for the realization ψ = 1) are given
by
Mij = xi∂j − xj∂i, (9)
Mi0 = xi∂0ϕ
e2A − 1
2A
− x0∂i 1
ϕ
+ iaxi ▽2 1
2ϕ
− iaxk∂k∂i γ
ϕ
, (10)
and
Di = ∂i
e−A
ϕ
, D0 = ∂0
sinhA
A
+ ia▽2 e
−A
2ϕ2
. (11)
Where ▽2 = ∂k∂k. The symmetry algebra of the underlying κ-space-time
generated byMµν andDµ is given above known as the undeformed κ-Poincare
algebra. Their generators Dµ and Mµν obey[21, 22, 23, 24, 25]
[Mµν , Dλ] = ηνλDµ − ηµλDν , [Dµ, Dν ] = 0, (12)
[Mµν ,Mλρ] = ηµρMνλ + ηνλMµρ − ηνρMµλ − ηµλMνρ. (13)
Here we note that the usual derivative ∂µ do not transform like a 4-vector
under the above defined undeformed κ-Poincare algebra whereas the Dirac
derivative Dµ transform like a 4-vector.
The undeformed κ-Poincare algebra in Eqns.(12,13) have same form as
the Poincare algebra. But the explicit form of generators are modified com-
pared to that of the Poincare algebra. The explicit form of these generators
are given in Eqn.(9), Eqn.(10) and Eqn.(11).
The Casimir of undeformed κ-Poincare algebra is DµD
µ which in the
momentum space is given by PµP
µ and the dispersion relation in κ-Minkowski
space-time is given as
PµP
µ = P0P
0 + PiP
i = −m20. (14)
Note that the momentum P0 and Pi appearing in the above are κ-deformed
momenta and they are different from the momenta in the commutative space-
time. Explicitly, the above deformed dispersion relation is given as
4
a2
sinh2
(ap0
2
)
−p2i
e−ap0
ϕ2(ap0)
−a
2
4
[
4
a2
sinh2
(ap0
2
)
− p2i
e−ap0
ϕ2(ap0)
]2
= m20, (15)
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where p0 and pi are the momenta in the commutative space-time. From
Eqn.(14), we get
P 20 = E
′2 = |~P |2 +m20, (16)
where m0 is the rest mass of the particle. Here we note that E
′ appear-
ing above is the deformed total energy of the particle in the κ-Minkowski
space-time. It is given by E ′ =
√
|~P |2 +m20, here ~P is the deformed three
momentum of particle in the κ-Minkowski space-time. As in the commu-
tative space-time, we write the boost factor γ′ in κ-Minkowski space-time
as γ′ = E
′
m0
. Since E ′ is the deformed total energy of the particle in the
κ-deformed space-time, this leads to deformation of the boost factor due to
κ-deformation of the space-time. Thus we obtain the modified boost factor
as
γ′ =
E ′
m0
=
√
|~P |2 +m20
m0
=
√
m′2v′2 +m20
m0
, (17)
γ′ =
√
γ′2m20v
′2 +m20
m0
, (18)
where we have used
m′ = γ′m0. (19)
From Eqn.(18), we find
γ′2 = γ′2v′2 + 1. (20)
In κ-Minkowski space-time the boost parameter β ′ = v
′
c
and for c = 1, we
can write above equation as
γ′ =
1√
1− β ′2 . (21)
Note that all the above discussion is valid to all orders in the deformation
parameter. The deformed three momentum ~P in the κ-deformed space-time
is given by −i ~D in the momentum space, where ~D is the Dirac derivative
given in Eqn.(11). Thus the momentum Pi is given as
Pi = −iDi = −i∂i e
−A
ϕ
= pi
e−A
ϕ
, (22)
where pi = −i∂i and A = −ia∂0. Thus we find the momentum of particle in
the κ-deformed space-time as
m′v′ = mv
e−A
ϕ
, (23)
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m0√
1− v′2v
′ =
m0√
1− v2v
e−A
ϕ
. (24)
In the above m′ (see Eqn.(19)) and m are the relativistic mass of the particle
in κ-Minkowski space-time and commutative space-time, respectively. For
the realisation ϕ = e−
A
2 , the velocity of particle in κ-Minkowski space-time,
valid to all order in deformation parameter obtained from Eqn.(24) is
v′ =
ve−
aE
2√
1− v2(1− e−aE) , (25)
where E = p0 =
√
|~p|2 +m20 is the total energy of the particle in the commu-
tative space-time and ~p is the momentum of the corresponding particle. This
shows that the boost factor in Eqn. (21) is modified due to κ-deformation of
space-time. In limit a→ 0, we get back the usual boost factor in commuta-
tive space-time.
3 Undeformed κ-Lorentz Transformation
In this section, we derive the finite transformations in κ-Minkowski space-
time. For the sake of simplicity and clarity, we consider here a frame of refer-
ence moving along the x-axis with respect to the another frame of reference
in κ-Minkowski space-time. Using Eqn.(10) for the realization ϕ = e−
A
2 , we
find the boost generators as
Mi0 = xi∂0 − x0∂i − ia
2
xi∂0∂0 +
ia
2
x0∂i∂0 +
ia
2
xi∂k∂k − ia
2
xk∂k∂i. (26)
Now using this boost generator, we obtain the relation between prime coordi-
nates and unprimed coordinates (assuming that the transformation is along
x-axis) as
x′ = M10 x = t, (27)
t′ = M10 t = x. (28)
Here note that if the boost generators given in Eqn.(26) have terms involving
to second or higher order in deformation parameter a, then the above two
equations will not be linear. We can re-write above two equations in the
matrix form as (
t′
x′
)
= M10
(
t
x
)
=
(
0 1
1 0
)(
t
x
)
= σx
(
t
x
)
. (29)
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Using this we write
eφM10 = eφσx =
∞∑
n=0
φn
n!
(σx)
n, (30)
Note that the effect of κ-deformation enters the above equation through the
boost parameter φ only. Using this equation, we find
eφM10
(
t
x
)
=
[
∞∑
n=even
φn
n!
I +
∞∑
n=odd
φn
n!
σx
](
t
x
)
,
= [cosh φ I + sinhφ σx]
(
t
x
)
. (31)
Thus, we get (
t′
x′
)
= eφM10
(
t
x
)
=
(
coshφ sinhφ
sinh φ coshφ
)(
t
x
)
(32)
We can write above transformation in four dimensions as

t′
x′
y′
z′

 =


coshφ sinhφ 0 0
sinh φ cosh φ 0 0
0 0 1 0
0 0 0 1




t
x
y
z

 ≡ B


t
x
y
z

 , (33)
where B stands for the boost matrix. Note that the above transformation
is the finite transformation along the x-axis. Now we parametrise above
equation by using
cosh φ = γ′, sinh φ = γ′β ′, (34)
where γ′ is given in Eqn(21). Note that deformed parameter γ′ and β ′ are
valid to all orders in the deformation parameter. Using this we can re-write
Eqn.(33) as 

t′
x′
y′
z′

 =


γ′ γ′β ′ 0 0
γ′β ′ γ′ 0 0
0 0 1 0
0 0 0 1




t
x
y
z

 . (35)
From Eqn.(34) it is clear that γ′2− β ′2γ′2 = 1 or γ′ = 1√
1−β′2
. Here, we have
taken c = 1. Using this we can write above equations in a compact form as
t′ = γ′ (t+ β ′x) , (36)
x′ = γ′ (x+ β ′t) , (37)
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y′ = y, z′ = z. (38)
Note that the γ′ appear in the above equation is given by (1 − β ′2)− 12 and
this contain the all information about κ-deformation. Thus these are the
Lorentz transformation in κ-Minkowski space-time valid to all order in the
deformation parameter a. In limit a→ 0, we get back the well known result
in commutative space-time. Note that all the effect of κ-deformation (valid
to all order in the deformation parameter a) is contained in β ′ (and γ′).
4 Dirac Equation in κ-Minkowski space-time
In this section, using the κ-deformed Lorentz algebra we derive the Dirac
equation in κ-Minkowski space-time. Since γ′ = coshφ, γ′β ′ = sinhφ then
the boost transformation in terms of variable φ, with
tanhφ =
ve−
aE
2√
1− v2(1− e−aE) . (39)
given in Eqn.(33). Note that the deformation parameter a is contained in
the definition of φ. As in commutative space-time, the boost generator along
x-axis defined as
Kx =
1
i
∂B
∂φ
∣∣∣∣
φ=0
Note that the boost matrix B in Eqn.(33) is parametrised in terms of φ and
this φ which captures the effect of the κ-deformation is valid to all orders in
the deformation parameter. Explicitly, we find
Kx = −i


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 . (40)
Using this procedure, we also obtain the boost matrices along the y and
z-axis as
Ky = −i


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , Kz = −i


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 . (41)
Since the rotation generators of undeformed κ-Poincare algebra is not modi-
fied in comparison with the corresponding generators of usual Poincare alge-
bra, we get the rotation generators as in the commutative space-time. Thus
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we get
Jx = −i


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 , Jy = −i


0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0

 ,
Jz = −i


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 . (42)
These six generators (three for boost and three for rotation) satisfy the com-
mutation relations
[Ki, Kj] = −iǫijkJk (43)
[Ji, Kj ] = −iǫijkKk, (44)
[Jx, Kx] = 0, (45)
[Ji, Jj ] = iǫijkJk, (46)
define the undeformed κ-Lorentz algebra. Note that these matrices are ex-
actly same as in the commutative case. All the effect of noncommutativity
is included in β ′ and thus in φ. As in commutative case, we can re-express
the above algebra in Eqns.(43-46) in a different basis. For this we introduce
K matrices in terms of Pauli matrices as
K = ±iσ
2
. (47)
We define the generators of Lorentz algebra as linear combination of J and
K as
A =
1
2
(J + iK) , (48)
B =
1
2
(J − iK) . (49)
Using Eqns.(43-46), we find that these generators satisfy the algebra
[Ai, Aj] = iǫijkAk, (50)
[Bi, Bj ] = iǫijkBk, (51)
[Ai, Bj ] = 0, (i, j = x, y, z). (52)
Thus we see that these two sets of generators A and B generate su(2) al-
gebra and these two generators commute with each other showing that the
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κ-Lorentz algebra can be written as su(2)⊗ su(2). Now we denote the an-
gular momentum corresponding to the su(2) generated by A and B as jA
and jB, respectively. For a special cases where B = 0, i.e. (jA, 0) and
J (j) = iKj , and for A = 0, i.e. (0, jB) and J
(j) = −iKj . These two leads to
the definition of two types of spinors. For
(
1
2
, 0
)
representation, we have
J (1/2) = σ/2, K(1/2) = −iσ/2,
and we denote the corresponding spinor as ξ. If (θ, φ) are the rotation and
pure Lorentz transformation parameters, respectively, then ξ transform as
ξ −→ exp
[
i
σ
2
· (θ − iφ)
]
ξ. (53)
Note that the boost parameter φ contains the effect of deformation, valid to
all orders in the deformation parameter a. And for
(
0, 1
2
)
representation, we
have
J (1/2) = σ/2, K(1/2) = iσ/2,
and the corresponding spinor-η transforms as
η −→ exp
[
i
σ
2
· (θ + iφ)
]
η. (54)
Under the κ-Lorentz transformation these spinors transform as
Ψ =
(
ξ
η
)
−→
(
exp
[
iσ
2
· (θ − iφ)] o
0 exp
[
iσ
2
· (θ + iφ)]
)(
ξ
η
)
. (55)
From this, we see that under the pure κ-Lorentz transformation (when the
rotation parameter θ = 0) the spinors ξ and η transform as
ξ −→ φR, η −→ φL, (56)
where φR is the right spinor and φL is the left spinor. Thus Eqn.(53) can be
written as
φR −→ e 12σ·φφR =
[
cosh
φ
2
+ σ · n sinh φ
2
]
φR, (57)
where n is the unit vector in the direction of Lorentz boost. Here note
that the boost parameter φ is now given by Eqn.(39) and this contains all
the effects of κ-deformation. Suppose initially spinor φR(0) describe the
particle at rest and φR(~P ) describe the particle with momentum ~P . From
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Eqn.(34), we have coshφ = γ′ and we find cosh φ
2
=
(
cosh φ+1
2
) 1
2 =
(
γ′+1
2
) 1
2
and sinh φ
2
=
(
cosh φ−1
2
) 1
2 =
(
γ′−1
2
) 1
2
. Using this in Eqn.(57), we get
φR(~P ) =
[(
γ′ + 1
2
) 1
2
+ σ · Pˆ
(
γ′ − 1
2
) 1
2
]
φR(0). (58)
Here Pˆ is the momentum unit vector along the direction of undeformed κ-
Lorentz boost. Note that the effect of κ-deformation is encoded in γ′ as well
as in ~P , appearing in above equation. Now using γ′ = E
′
m0
and Pˆ =
~P
|~P |
in
Eqn.(58), we obtain
φR(~P ) =
E ′ +m0 + σ · ~P√
2m0(E ′ +m0)
φR(0). (59)
Similarly, we find
φL(~P ) =
E ′ +m0 − σ · ~P√
2m0(E ′ +m0)
φL(0). (60)
In the above two equations, we have replaced γ′ in terms of E ′ and m0. Thus
the effect of κ-deformation is now contained in E ′ and ~P appearing in the
above two equations. Since from the Eqns.(59,60), it is clear that for particles
at rest, φR(0) = φL(0) and this allows us to eliminate the zero momentum
spinors. Thus from Eqn.(59) and Eqn.(60), we find (see appendix for details)
φR(~P ) =
E ′ + σ · ~P
m0
φL(~P ), (61)
and
φL(~P ) =
E ′ − σ · ~P
m0
φR(~P ). (62)
We re-write the above two equations as
−m0φR(~P ) + (P0 + σ · ~P )φL(~P ) = 0,
(P0 − σ · ~P )φR(~P )−m0φL(~P ) = 0, (63)
where P0 = E
′. Which in the matrix form can be written as( −m0 P0 + σ. ~P
P0 − σ. ~P −m0
)(
φR(~P )
φL(~P )
)
= 0. (64)
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Defining the 4-spinor and 4× 4 matrices as
Ψ =
(
φR(~P )
φL(~P )
)
, γ0 =
(
0 1
1 0
)
, γi =
(
0 −σi
σi 0
)
, (65)
Eqn.(64) can be re-written as(
γ0P0 + γ
iPi −m0
)
Ψ = 0. (66)
Here, P0 = −iD0 and Pi = −iDi. The explicit form of the Dirac derivatives
D0 and Di given in Eqn.(11). Using this, we find the κ-deformed Dirac
equation in position space as(
iγ0D0 + iγ
iDi +m0
)
Ψ = 0. (67)
The γµ matrices appearing in the above equation are independent of the κ-
deformation. They are exactly same as in the commutative space-time. All
effects of the κ-deformation of the space-time appear only through the Dirac
derivatives-Dµ and all the a dependent corrections are included in the above
equation i.e., this deformed equation is valid to all orders in the deformation
parameter.
The square of this κ-deformed Dirac equation gives the κ-deformed Klein-
Gordon equation, which is invariant under the undeformed κ-Poincare alge-
bra given in Eqns.(12,13)[12]. The dispersion relation of corresponding κ-
deformed Klein-Gordon equation in momentum space is given in Eqn.(15).
In limit a → 0, we get back the well known Dirac equation in commutative
space-time.
5 Conclusion
In this paper, we have derived the κ-deformed Dirac equation valid to all
orders in the deformation parameter. This was done by defining the left and
right su(2) spinors and studying their transformations. We have seen that the
entire effects of κ-deformation is contained in the boost factor, characterising
the undeformed κ-Lorentz boosts. After writing down the finite transforma-
tions of space-time coordinates under undeformed κ-Lorentz transformation,
we obtain the corresponding matrix realisations of the generators. These
matrices are independent of the κ-deformation. After this, by a change of
basis, the undeformed κ-Lorentz algebra is written as the direct product of
two su(2) algebras. We then introduced spinors transforming under these
su(2) algebras. The effect of κ-deformation come into picture through these
12
transformations as the boost parameter and the three momentum ~P charac-
terising the transformations are deformed ones. Note that these two, namely,
the boost parameter and the deformed three momentum used here all valid to
all orders in the deformation parameter. The transformation between spinors
under different su(2) (appearing in the direct product) allowed as to write
down the κ-deformed Dirac equation. We discussed that the Dirac equation
obtained here is exact and include effects of deformation to all orders in the
deformation parameter a. We also emphasis that the matrix realisation of
the generators of κ-deformed Lorentz transformations (see section 4) are in-
dependent of the deformation parameter. Similarly, the γ matrices appearing
in the κ-deformed Dirac equation in Eqn.(66) and in Eqn.(67) are also inde-
pendent of the deformation parameter. Thus σµν = [γµ, γν ]+ which gives the
spinor representation will also be independent of the deformation parameter
and the entire effect of the κ-deformation will be encoded in the parameter
of the (boost) transformation.
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